Approximate boundary equations for fluid-loaded thin poroelastic lay- 
I. INTRODUCTION
In this paper approximate boundary conditions for fluid-loaded saturated porous plates are derived. Their intended use is as replacement for the porous layer in acoustic-poroelastic coupled problems.
Porous layers are found in several disciplines; biomechanics, seismology, geomechanics and acoustics. In reality the structure of porous media is very complex and irregular. For macroscopic scales, i.e. when the relevant length scales are much larger than the pore sizes, a widely used theory was formulated by Biot 1 . It is a linear theory that treats the poroelastic material as a continuum with averaged macroscopic displacement fields and is formulated with a set of effective parameters. Much work has been devoted to the determination of these parameters since the theory was first presented. This theory is, however, still fairly complicated and in many situations simplifications may be justified.
The complexity of porous materials has motivated much work on approximations and simplified methods. One approach is to use a simplified material model such as the rigid frame model 2, 3 . In many situations the geometries of the porous structures are such that there is room for other simplifying approximations. Several authors such as Taber 4 , Theodorakopoulos and Beskos 5 , and Leclaire et al. 6 , have derived approximate plate equations for porous plates. They rely on the Kirchhoff hypothesis combined with the Biot theory and in some cases assume predominant transverse fluid flow. Numerical solutions to these equations for clamped porous plates were obtained, applying Galerkin's variational method, by
Leclaire et al. 7 for acoustical excitation and Etchessahar et al. 8 for a concentrated force. The case of in-plane fluid flow only was treated by Li.et al. 9 . Another possibility is to develop semi-empirical equations, e.g. Lee et al. 10 and Bliss 11 .
This paper focuses on deriving approximate boundary conditions for fluid-loaded thin porous plates. The main object is to replace the porous layer by two differential equations in the surface plane, expressed in terms of the exterior fluid variables. These differential a) Electronic address: peter.folkow@chalmers.se equations constitute the approximate boundary conditions and account for the effect of the porous layer. It is thus not necessary to model the porous medium, which may greatly simplify the analysis of porous-fluid coupled problems. The approach is based on series expansions in the thickness coordinate and the result is a two-dimensional representation of the porous layer, much like plate theories. The present method applies for the derivation of porous plate equations as well. This will be the subject of a future paper.
Effective boundary conditions to first order in the thickness was studied by Bövik are generalized to poroelastic media.
When deriving the equations it is assumed that linear theory is valid and that the layer thickness is, at most, of the order of a typical wavelength. As the porous layer is modeled using Biot theory, it is also assumed that the characteristic pore size is much smaller than the thickness so that the porous medium may be considered as a continuum.
No further assumptions regarding the behavior of the porous variables are made. Since the approximate boundary conditions are given in terms of Biot parameters it is possible to adapt the approximate boundary conditions to the problem at hand and, if justified, simplify them further.
The paper is organized as follows: The relevant equations of the Biot theory are first presented in Sec. II. In Sec. ?? an outline of the derivation method is given, followed by the derivation of the approximate boundary equations for the cases of closed and open pores.
Numerical results are presented in Sec. IV, where the reflection coefficient is calculated for an incident plane wave at various angles of incidence by means of the approximate boundary equations. The results are compared to the full three dimensional Biot theory. The paper 4 is sumarized in Sec. V.
II. ASSUMPTIONS AND GOVERNING EQUATIONS
Consider an infinite, isotropic porous plate of thickness h immersed in a fluid, see Fig. (1). The saturated plate is modelled according to the Biot theory 1 , where the densitities of the solid and fluid parts are ρ s and ρ f , respectively. The state of the plate may be expressed through the solid macroscopic displacement u together with the average displacement U and the pressure p of the liquid phase. The state of the surrounding fluid, density ρ 0 , is modelled through the pressure p 0 and the displacement U 0 . Viscous effects are neglected in the exterior fluid, but they are important in the porous domain.
For a thin layer approximation, the plate thickness is assumed to be smaller than the shortest wavelength considered. However, for the continuum theory to hold, the plate thickness is large when compared to the pore size. These assumptions are in line with the low- Biot theory supports three bulk wave types. One shear wave (wave speed c s ) and two compressional waves referred to as the fast and slow compressional waves (wave speeds c p1
and c p2 respectively). Here, it is the slowest wave that is the critical one for thin layer approximations. Which of the three waves that is the slowest depends on the frame and saturating fluid materials as well as the frequency, but in most cases c p2 < c s < c p1 .
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A. Governing Equations
Considering time harmonic conditions, the equations of motion governing the displacements in porous media may be written as
where the factor e −iωt has been omitted. Here N is the shear modulus of the frame and Q, A, and R are generalized elastic coefficients. These latter factors are related to the measurable quantities the porosity Φ, the bulk modulus of the frame K b , the bulk modulus of the solid material K s , and the bulk modulus of the fluid K f , see Allard 2 :
where
The densities ρ ij , are defined by
where the density ρ 12 represents added mass due to coupling of the solid and fluid motions.
Here α is the dynamic tortuosity, related to both the porosity and the geometry of the interconnected pores. For viscous flow in the pores causing damping, α is complex and frequency dependent according to the model by Johnson et al.
where η is the viscosity, κ 0 is the static permeability and Λ is a characteristic length of the pore size. For non-viscous fluids the tortuosity is given by the constant value α = α ∞ . This choice of notation is due to the limit ω → ∞ for α in the viscous case. Due to the beavior of α for viscous flow the densities ρ ij are hereby also complex and frequency dependent. Note that when the saturating fluid is a gas, thermal effects should be considered as the thermal conduction modifies the bulk modulus of the fluid. Such effects are included in the model through the complex and frequency dependent K f by
Here, Pr denotes the Prantl-number, p atm is the atmospheric pressure, γ h is the ratio of specific heats, σ is the flow resistivity and c is a form factor which depends on the shape of the pores.
The constitutive equations for the stresses in the porous plate are
where I is the 3 × 3 identity tensor. The stresses are the averaged stress of the solid frame σ s and the averaged stress of the fluid portion σ f . The sum of these stresses forms the total
In the exterior fluid the governing equation for the pressure is according to the simple wave equation
where c 0 is the wave velocity and k 0 is the wave number for waves in the fluid. The relation between the pressure p 0 and the displacement U 0 in the surrounding fluid is given by the momentum equation
B. Boundary Conditions
The boundary conditions at z = ±h/2 for a porous-fluid interface stem from continuity of traction, continuity of filtration velocity as well as Darcy's law 17 . The continuity requirements for the surface tractions in tangential and normal directions are obtained using Eqs.
(7) and (8)
Here, the partial derivatives are expressed ∂ x = ∂/∂ x and so on. The fluid flow across the interfaces z = ±h/2 are governed by continuity of the normal component of the filtration vector and by Darcy's law. Under time harmonic conditions these relations are
where the parameter κ s characterizes the permeability of the interface.
The state of the porous plate at the boundaries may be given in terms of either the fields {u, U} or {u, p}, while for the surrounding fluid the boundary conditions are given by either 
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In the case of open pores the permeability κ s is infinite. Due to finiteness of the flow, Darcy's law Eq. (15) gives p = p 0 at the boundaries. Adopting Eqs. (10) and (8) gives the interface fluid flow relations
Here, ρ f = ρ 0 as the same fluid is assumed inside and outside the plate.
III. PLATE EQUATIONS
A. Series expansions
There are different ways to obtain plate theories; either based on different kinematical assumptions in line with the classical theories for elastic plates, or in a more rigorous fashion adopting the three dimensional equations of motion. Here, a systematic approach will be used based on the three dimensional equations of motion together with power series expansions of the physical fields with respect to the thickness coordinate z. This method is believed to be asymptotically correct without any ad hoc assumptions, resulting in a hierarchy of higher order plate theories that can (in principle) be truncated to any order.
One such expansion method is to expand the plate displacement fields around the midplane z = 0, which has been done for an isotropic elastic plate, see Boström et al. 18 . Another method is to expand the boundary conditions around the midplane z = 0. This approach has been adopted by Johansson et al. 19 for a fluid-loaded elastic plate, where the results are expressed in terms of so called approximate boundary conditions. These two methods seem to be analogous, which is discussed in the case of an elastic plate 19 .
In the present case for fluid-loaded porous plates, the latter approach is used in order to benefit from the results from fluid-loaded elastic plate. Hence, the plate equations are expressed in terms of approximate boundary conditions, where the plate fields are eliminated so as to obtain differential equations in terms of the fluid pressure p 0 and its normal deriva-tive ∂ z p 0 at the boundaries. By doing this, the influence from the porous plate is present implicitly in the differential equations, without the need of solving the plate equations explicitly in term of the plate fields. For clarity, the plate equations will also be expressed So, when using series expansion of the boundary conditions in order to eliminate the plate fields, it is convenient to proceed in terms of the differences and sums of the boundary fields
where f = {u, U, p 0 } and their spatial derivatives. For the plate fields u and U and their spatial derivatives, the sums and differences are expanded in Maclaurin series in the thickness coordinate z
The sums and differences of the boundary conditions for the tractions Eqs. (11)- (13) and the fluid flow Eqs. (16)- (17) (closed pores) or Eqs. (18)- (19) (open pores) may then be written in terms of the sums and differences of the exterior fluid pressure p 0 and ∂ z p 0 , together with the porous field variables at the center plane u c and U c .
In conformity with Johansson et al. 19 , two separate cases are identified due to the dif- 
for the antisymmetric and symmetric cases, respectively while for open pores the equations
in the antisymmetric and symmetric cases, respectively. The differential operators C i,j gen-
y . Closed form representations of C i,j involve a substantial number of different terms even at low order. It should be noted that for a series expansion involving terms up to and including order h 2m+1 in Eqs. (21) and (22), even higher order terms appear in the elimination process. However, as these higher order terms are not stable when using even more terms in the series expansion, the equations are truncated. Thus, only terms up to and including order h 2m+1 are present in the final result given above. In the present work, series expressions involving terms up to and including order h 5 are used in the numerical results. These lengthy closed form expressions, obtained through tedious calculations using the mathematical software MATHEMATICA,
are not presented here. The explicit representations given below involve terms up to and including order h 3 .
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B. Closed pores
Expressing the relations (23) and (24) explicitly for terms up to and including h 3 , the approximate boundary condition for the antisymmetric case becomes
while the approximate boundary condition for the symmetric case is
Here k s , k p1 , and k p2 are the bulk wave numbers of the shear wave, the fast compressional wave, and the slow compressional wave, respectively. They are given by
where the constants a i are
using S = 2N + A. The wave number k t is a generalized shear wave number, k av is the mean square of the bulk wave numbers, and k 1 is an auxiliary wave number. They are defined by
The density ρ t is the total density of the saturated porous body, according to
All the squared wave numbers in Eqs. (27) and (28) have a positive real part. The symbols β 1 , γ 1 and γ 2 are non-dimensional numbers (with positive real part for the porous materials studied numerically in this paper) expressed in terms of densities and generalized elastic coefficients according to
Comparing Eqs. (27) and (28) with the corresponding approximate boundary equations for an elastic layer reported by Johansson et al. 19 , it is seen that the expressions are quite similar. The differences are most pronounced for the symmetric case, where the derivatives in the porous case are two orders higher than in the elastic case. This has to do with the fact that Biot's theory supports three bulk waves, and evidently all of these are important to order h 3 in Eq. (28). In conformity with Johansson et al. 19 , it is possible to factorize the compressional bulk wave operator in the symmetric case. As there are two such waves in the porous case, the factorized operator is (∇ 
It is instructive to see whether the results for a homogeneous plate derived by Johansson et al. 19 are retrieved when the porosity tends to zero, Φ → 0. Starting with the generalized elastic coefficients Eq. (2) 
in the antisymmetric and symmetric case, respectively.
where wave numbers and constants are defined by Eqs. (29)-(33). This equation has the same structure as for the case of an elastic layer. It is noted that to order h this is the 14 momentum equation for an incompressible layer of density ρ t , with zero shear stiffness, as it may be written as Δp f = hρ t ω 2 Σu z /2, i.e. only the inertial effect is included.
C. Open pores
Expressing the relations (25) and (26) explicitly for terms up to and including h 3 , the approximate boundary condition for the antisymmetric case becomes
Some new auxiliary wave numbers and non-dimensional numbers enter here, in addition to those defined by Eqs. (29)-(33), (37), due to the filtration effects at the surfaces of the porous layer.
IV. NUMERICAL RESULTS
The asymptotic approximate boundary conditions are to be compared to the three- 20 , and air in combination with a plastic foam studied by Allard et al. 2, 21 . The material data of importance for these combinations are given in Table   I . For both material combinations the saturating and the exterior fluids are hereafter assumed to be the same, but viscous effects are accounted for only in the saturating fluid.
In the foam-air case also thermal effects are considered for the saturating fluid, as well as damping in the plastic foam.
Due to the viscous effects resulting in frequency dependent material parameters, all three bulk waves are dispersive; the higher the frequency, the higher the velocity. Dispersion is particularly important for the slow compressional wave, whereas the other two modes are virtually unaffected. This is manifested in Fig. 2 where curves are presented for the three waves when the real part of the wavelengths equal 2h. For the plastic foam case, the slow compressional wave velocity actually becomes higher than the shear wave for higher frequencies. The choice of wavelength used in Fig. 2 corresponds to the first positive interference maximum for normal incidence, which could be seen as a reference upper frequency limit Thus, the incident, reflected and transmitted waves may be expressed as
where ζ = sin φ; φ being the angle measured from the normal to the plate boundaries.
It is now straightforward to solve for R and T using the exact three-dimensional equations of motion Eq. (1) with pertinent boundary conditions. For the asymptotic equations, either Eqs. (27)- (28) or Eqs. (36)-(37) are to be used. As the loading is such that purely antisymmetric or symmetric modes will not be generated in the general case, the antisymmetric and symmetric equations are solved as a system. The numerical results involve solutions based on the asymptotic h and h 3 expansions, respectively. The range of appli-cability for each truncation level is hereby clearly visible. As for the T-B theory Eq. ???, these equations are solved postulating only antisymmetric motion, resulting in a simple relation between R and T . The reflection and transmission coefficients are used to derive the
It is convenient to introduce the nondimensional frequency Ω = k s,∞ h where
Here c s,∞ is the limit ω → ∞ for c s which corresponds to the case of a non-viscous fluid.
Note that the real part of c s,∞ is considered in the plastic foam case, as the complex shear modulus N results in a complex velocity.
A. Quartz-fiber and water
In 
Closed pores
The results for closed pores are presented in Figure 3 This latter case is far beyond the upper limit for the slow compressional wave discussed above. This accuracy may be connected to the fact that in this low frequency interval the slow wave is much attenuated. It should also be stated that the slow compressional wave generally is not much excited when the pores are closed 23 . For other angles of incidence, similar results as depicted in Figs. 3(a) and 3(b) are obtained.
The dependence of |T | upon the angle of incidence is presented in Fig. 3(c) 
Open pores
The results for open pores are presented in Figure 4 . Here the first two Figs. 4(a) and 4(b) show the modulus of T when the angle of incidence is φ = 15
• and φ = 45
• , respectively, for h = 0.04 m. As for closed pores, the h 3 expansion is more accurate than the asymptotic h and the T-B theories. All approximate theories deviate from the exact curves at lower frequencies when compared to the closed pore case. The main reason for this is probably due to that the slow compressional wave is more excited when the pores are open 23 . According to the h 3 expansion for φ = 15
• no transmission occurs at Ω ≈ 1.5, whereas the exact solution shows almost zero transmission at Ω ≈ 2.2. Such behavior are also present for φ = 45
• . A similar situation appeared for heavy loading on an elastic plate 19 . However, this does not imply total reflection in the porous case as absorption is present. For thicker plates, less dramatic curves are obtained. Here the transmission coefficient is generally larger, and the T-B theory is more accurate; sometimes even better than the asymptotic h 3 theory.
The dependence of |T | upon the angle of incidence is presented in Fig. 4(c) When compared to the closed pore case, the absorption is more pronounced here, which probably is due to that the slow compressional wave is much less excited in the former case. 
B. Plastic foam and air
Consider next the material configuration where the frame is made of a plastic foam of high flow resistivity saturated with air. This combination is studied by Allard et al. 21 . In 20 addition to viscous effects, viscoelastic and thermal effects are included as well. In this case, the material parameters in Eq (2) may be simplified as K f /K s 1 and K b /K s 1. Hence, the parameters may be approximated by
where K f is according to (6) . The bulk modulus of the frame is assumed to be modeled in line with an isotropic elastic material
where ν the Poisson's ratio. The dynamic tortousity (5) is obtained from the material constants in Table I using inspection, all three bulk wave speeds in the porous material are here lower than the speed of sound in the surrounding air. Moreover, the shear wave is now slower than the slow compressional wave for high frequencies.
Closed pores
The results for closed pores are presented in Figure 5 . 
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The dependence of |T | upon the angle of incidence is presented in Fig. 5(b) 
Open pores
The results for open pores are presented in Figure 6 . Here the first Fig. 6(a) shows the modulus of T when the angle of incidence is φ = 45
• for h = 0.04 m. Contrary to the closed pores case, the asymptotic expansion theories are more accurate than the T-B theory in the interval considered. As for the material combination quartz-fiber and water, the approximate curves deviate from the exact curve at lower frequencies when compared to the closed pores case due to the more pronounced excitation of the slow compressional wave.
Therefore a more narrow frequency interval is studied in 6(a) compared to 5(a). Similar curves are obtained for other angles and frequencies. For thicker plates the T-B theory is more accurate and sometimes even better than the asymptotic h 3 theory; compare similar situation for the case with QF-20 and water.
The dependence of |T | upon the angle of incidence is presented in Fig. 6(b) for the 22 frequency Ω = 1.5 when h = 0.04 m. The accuracies of the different approximations show a similar behavior as in Fig. 6(a) . It is noted that slightly more is transmitted when compared to the closed pores case Fig. 5(b) .
The last two Figures 6(c) and 6(d) present the absorption coefficient against the angle of incidence when Ω = 1.5 for h = 0.04 m and h = 0.4 m, respectively. When compared to the closed pore case, the absorption is more pronounced here mainly due to the influence of the slow compressional wave. As the absorption coefficient increases with frequency, the thin layer case depicted in Fig. 6(c) show less absorption than thick layer case in Fig. 6(d) .
Note that the T-B curves are almost on the horizontal coordinate line.
As for the quartz-fiber case, the T-B solutions scarcely depend on the boundary conditions (closed or open pores) for the porous foam and air case.
V. CONCLUSIONS
The approximate boundary conditions may be transformed into a space-time partial The equations have the same structure as the corresponding approximate boundary conditions for an elastic layer. However, sixth order tangential derivatives appear in the symmetric equations. A further similarity with the elastic case is that the differential operator for the symmetric pressure term for closed pores may be factorized so that the symmetric load term vanishes when the surface component of the wave number of the fluid loading coincides with the wave numbers of the compressional bulk waves.
Numerical results are compared with 3D Biot theory for two material configurations:
quartz-fiber saturated with water and plastic foam saturated with air. The performances of the approximate boundary conditions are surprisingly good at wave-number-thickness products of order one. In many cases acceptable approximations are provided even by the much simpler h 1 -theory. This is probably due to the damping of the slow compressional wave, which would otherwise limit the range of applicability as its wave speed is comparably low.
Another explanation is that the influence from flexural plate motions here is less pronounced than for the case of an elastic layer, which in the latter case drastically limited the validity of the h 1 -theory ? . The agreement is better for closed pores. Again, this is believed to be due to the slow compressional wave, which is less excited when the pores are closed. List of Figures   FIG. 1 
ACKNOWLEDGMENT
